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Abstract 

In the present work we construct coherent states in the magnetic-solenoid field, 
which is a superposition of the Aharonov-Bohm field and a collinear uniform magnetic 
field. In the problem under consideration there are two kind of coherent states, those 
which correspond classical trajectories which embrace the solenoid and those which do 
not. Constructed coherent states reproduce exactly classical trajectories, they maintain 
their form under the time evolution, and form a complete set of functions, which can be 
useful in semiclassical calculations. In the absence of the solenoid filed these states are 
reduced to well known in the case of a uniform magnetic field Malkin-Man'ko coherent 
states. 

PACS numbers: 03.65.Ge, 03.65.Sq 

1 Introduction 

It is well-known that the study of the Aharonov-Bohm (AB) effect began on the base of exact 
wave functions of an electron in the field of an infinitely long and infinitcsimally thin solenoid 
[I]. Such functions allow one to analyze a nontrivial influence of the AB solenoid (ABS) on 
scattering of free electron, which may give a new interpretation of electromagnetic potentials 
in quantum theory. Physically it is clear, that in such a scattering, the electron is subjected 
to the action of the AB field for a short finite time. However, there exist a possibility to 
consider bound states of the electron in which it is affected by the AB field for the infinite 
time. Such bound states exist in the so-called magnetic-solenoid field (MSF), which is a 
superposition of the AB field and a collinear uniform magnetic field. The non-relativistic 
and relativistic wave functions of an electron in the MSF were studied in [3J [3J 2J [SJ [5] . In 
particular, they were used to describe AB effect in cyclotron and synchrotron radiations 
[7] . We believe that such bound states of an electron in the MSF open new possibilities the 
study of the AB effect. One of the important questions is the construction and study of 
semiclassical (coherent) states in the MSF (the importance and advantage of coherent states 
in quantum theory is well-known [&). Having such states in hands one can try to answer an 
important question: to what extend the AB effect is of a pure quantum nature. In a sense 
constructing semiclassical states is a complimentary task to the path integral construction. 
The latter problem is completely open in the case of the particle in the magnetic-solenoid 
field. One ought to say that some attempts to construct semiclassical states in the MSF were 
made in the works [S]. However, one ought to accept that states constructed in these works 
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have some features that does not allow one to interpret them as semiclassical and coherent 
states. For example, some mean values calculated in such states do not move along classical 
trajectories. In the present work we succeeded to construct another kind of semiclassical 
states in the MSF which can be really treated as coherent states. The progress is related 
to a nontrivial observation that in the problem under consideration there are two kind of 
coherent states those which correspond classical trajectories which embrace the solenoid 
and those which do not. Constructed coherent states reproduce classical trajectories in the 
semiclassical limit, they maintain their form under the time evolution, and form a complete 
set of functions, which can be useful in semiclassical calculations. In the absence of the 
AB field these states are reduced to well known in the case of a uniform magnetic field 
Malkin-Man'ko coherent states [10] . 

We consider the non-relativistic motion of an electron with charge q = — e, e > 0, and 
mass M in the MSF B = (B x , B y , B z ) , 

B x = B y =0, B z = B + $6(x)S(y)=B + ^-6(r), (1) 

which is a collinear superposition of a constant uniform magnetic field B directed along the 
axis z (B > 0) and the AB field (field of an infinitely long and infinitesimally thin solenoid) 
with a finite constant internal magnetic flux $. We use Cartesian coordinates x , y , z , as 
well as cylindrical coordinates r, tp, such that x — r cos <p, y — r sin ip, and r 2 = x 2 + y 2 . The 
field ([I]) can be described by the vector potential A = (A x , A y ,A z ), 



A* = -y ( — + -)> A, = *( — + -), a z = o. (2) 



$ B\ f $ B 

2^ + 27' v ~ X \2^r 2 ~ + 2 

Classical motion of the electron in the MSF is governed by the Hamiltonian H = 
P 2 /2M, P = p |A, where p and P are the generalized and kinetic momentum, re- 
spectively. Trajectories that do not intersect the solenoid have the form: 

x = x + Rcosip, y = y + i?sinV>, z = -^i + z ; ip = ut + ip , w = n ~, (3) 

M Mc 

where xq, yo, zo, p Zl R, andi/'o are integration constants. Eqs. <j3j> imply 

(x - x ) 2 + (y - y ) 2 = i? 2 , x = R c cos a, y = R c sma, 



r z = R z + R2 + 2RR C cos(V> - a), R c = \J x% + y% . (4) 

The projection of particle trajectories on the xy-plane are circles. Particle images on the 
xy-plane are rotating with the synchrotron frequency ui. For an observer which is placed 
near the solenoid with z > 0, the rotation is anticlockwise. The particle has a constant 
velocity p z /M along the axis z . Since the electron freely propagates on the z axis, only 
motion in the perpendicular plane z = is nontrivial; this will be examined below. Denoting 
by r max the maximal possible moving off and by r m i n the minimal possible moving off of 
the particle from the z-axis, we obtain from Q r max = R + R c , r m i n = \R — R c \. It follows 
from ((3]) that 

P x = -MuiRsmijj = -Mu> (y - y ) , 

P y = MluR cos ip = Mlu (x - x ) , Pi = P x + Py = (Mlo R) 2 . (5) 

The energy E of the particle rotation reads: E = P 2 L /2M then the radius R can be expressed 
via the energy E as follows 

R2 = (6) 
Muj 2 
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Figure 1: Two types of trajectories in MSF 



By the help of ©, one can calculate angular momentum projection L z , 

L z = xp y - yp x = ^-{R 2 - R 2 C ) - ■ 



(7) 



The presence of ABS breaks the translational symmetry in the xy-plane, which on the 
classical level has only a topological effect, there appear two types of trajectories, we label 
them by an index j = 0, 1 in what follows. On the classical level j ' = 1 corresponds to 
(R 2 - i? 2 ) > and j = corresponds to (R 2 - R 2 C ) < 0, see Fig. Q] 

Already in classical theory, it is convenient, to introduce dimensionless complex quantities 
ai and a-i (containing ft) as follows: 



«i 



^wm = v^ R ' 2 = ™= — = xl ~ Rce ■ (8) 



V2hMuj 



2h 



One can see that a\ exp(z-0) and a 2 are complex (dependent) integrals of motion. One can 
write that 



02 2ft „ , 2ft „ . / 2ft . „. 



E = Loha\ai, L z = ft (a*ai — aj^) — 



2ttc 



(9) 
(10) 



2 Stationary states 

The quantum behavior of the electron in the field (Q~]) is determined by the Schrodinger 
equation with the Hamiltonian 



H = H ± + p 2 z /2M, H± = (P* + P 2 ) /2M, 

G G 

P X =PX + -Ax, Py = Py + -Ay, ft x = ~iM) X , f>y = -{fiBy, ^ Z = ~%W Z 



(11) 



where H±_ determines the nontrivial behavior on the xy-plane. It is convenient to present 
magnetic flux $ in eq. as $ = (Zq + n)$o, where Iq is integer, and < /i < 1 and 
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$0 = ^irch/e is Dirac's fundamental unit of magnetic flux. Mantissa of the magnetic flux 
p determines, in fact, all the quantum effects due to the presence of the AB field. Sta- 
tionary states of the non-relativistic electron in the MSF were first described in [2]. The 
corresponding radial functions were taken regular at r —¥ 0, they correspond to a most 
natural self-adjoint extension (with a domain Djj x ) of the differential symmetric operator 
Hj_. Considering a regularized case of a finite-radius solenoid one can demonstrate that 
the zero-radius limit yields such an extension, see [Bj. Further, we consider only such an 
extension (all possible self-adjoint extensions of H± were constructed in ([H[5]). Operator 
L z — xp y — yp x is self-adjoint on Dh x an d commutes with the self-adjoint Hamiltonian H±. 
One can find two types (j = 0, 1) of common eigenfunctions of both operators 

H±^ln 2 (*> r, <p) = £ ni ^ln 2 (t, r, if) , £ ni = frw (m + 1/2) , 
Lz*%, na {t,r,<P) = I<z*%, na {t,r,<p), L z = h(l-l ). (12) 

The eigenfunctions have the form 

( i \ eBr 2 
n J ?,n 2 (t,r,ip) =exp [-^^i*] ®%lnM P)> P = ^-f-> 3 =0 ' 1 ' 

^nlnsfa P) = A/"cxp[i(; - lo)<p]Iri2,ni (p) , «1 = m, 7l 2 = TU - I - /X, OO < I < -1, 

n 2 (<Pi P) = A/"exp[i(7 - l )cp - iirl]I nun2 (p) , m = m + I + p, n 2 = m, I +00 . 

(13) 

Here /,m (m > 0) are two integers, I n ,m{p) are Laguerre functions that are related to the 
Laguerre polynomials L^p) (see eqs. 8.970, 8.972.1 from [TT]) as follows 



y 1 (m + a + 1) ml dp m 

and A/" is normalization constant. For any real a > —1 the functions I a +m,m(p) form a 
complete orthonormal set on the half-line p ^ 0, 

/ Ia+k.k(p)Ia+m,m(p)dp = 8k,m , ^ Ig+m,m(p)Ig+m,m(p') = S(p — p') . (15) 

Let us define an inner product of two functions /(<£>, p) and<?((/5, p) as 

i />oo />2tt 

if, g)±. = 7T / d W dl fif*( l PiP)9( ( p>p)- 

2tt Jo Jo 

Then eigenfunctions (| 13[) form an orthogonal set on the xy-plane, 

= l-^l 2 ^.nx^.n, V.i" (16) 

These functions form a complete orthogonalized set on Dh ± ■ 

It is useful to define self-adjoint operators R 2 and R 2 by analogy with the corresponding 
classical relations ((6j and ([7|): 



A2 _ 2-H± A 2 _ A2 - 

n — 77 , ir,, — it — 

Muj 2 ' c Mlo 



L z + {l + p)h . (17) 



In the semiclassical limit the sign of the mean value of the operator R 2 — R 2 , 



2ft (Z + jti) 
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Figure 2: Splitting of Landau levels in MSF. 



where (|12j) is used, allows one to interpret the corresponding states as particle trajectories 
that embrace and do not embrace the solenoid. Namely, an orbit embraces the solenoid for 
I > (type j = 1), and do not for I ^ — 1 (type j = 0). These classification corresponds 
to classical one described in the previous section, see eq. (JTJ) and Fig. 1. Trajectories with 
I = and I = — 1 pass most close to the solenoid. 

If /i 7^ 0, the degeneracy of energy spectrum is partially lifted, namely, energy levels 
of states (fT5|) with I > are shifted with respect to the Landau levels by fxHui, such that 
£ ni = hui (to + I + fi+ 1/2), while energy levels of states (Tl"5|) with I ^ — 1 are still given by 
the Landau formula £ ni = hu (m + 1/2). For (i = there is no any impact of ABS on the 
energy spectrum. Splitting of the Landau levels in the MSF is represented on Fig. [2] 



3 Coherent states 

3.1 Instantaneous coherent states on xy— plane 

Let us introduce operators a\, and a\,a,2 that correspond to classical quantities <zi, a 2 
and a*, 

-iP x -P y . Moj (x + iy) + iP x - P y 
Qi = , =?-, a 2 = . -; 

_ iPx - Py Muj (x - iy) - iP x - P y 

a-, — — , a 9 — . (18) 

y/2hMu y/2HMu 

One ought to say that the momentum operators P x and P y are symmetric but not self- 
adjoint on the domain Dg ± . That is why, one cannot consider a\ and a 2 as adjoint to hi 
and a 2 . Nevertheless, they play an important auxiliary role in the further constructions. 

Using properties of Laguerre functions, one can find the action of the operators a\, h\\ a\, hi 
on the functions (fTU)) . 

ai^Jln^f, P) = Vni *«?-!, nafV. P) > & Wnln 2 (^ P) = V»l + 1 „ a fo>, A>) . 

«2^,„ 2 (^, p) = v^ $ nL 2 -l(^ P) . P) = ^na + l^.na+lCV' <°) ' ( 19 ) 

where possible values of n\ and ri2 depend onm,l, and j according to ()13|) and the functions 
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$ m+*i,n a +*2 are defined as follows 



$i° 1 ) +Slj „ 2+S2 (<p, p) = Wexp[ie(Z - I - s x + s 2 )<p}I n2 +s 2 ,n 1 +s 1 0) 



4 , 1 1 1 + S i,™ 2 + S2 (¥'> P) = A/"exp{ie[(Z - Z - si + s 2 )<£ + tt (Z + s x - s 2 )]}/„ 1+Sl 



(P)- 



at si = 0, ±1 and s 2 = 0, ±1. There appear new functions „ 2 _i(<p, p) with n 2 = rn+1— /i 

and „, (<p, p) with ni = m + p,, which are irregular at r — > 0. Such functions were not 

defined by cqs. f| 13|) . In addition, for rv\ = or n 2 = 0, one has to bear in mind that 



p) = °> a2*i+ M ,o(^ p) = °- 

Formal commutators for the operators d{, di and d 2 , d 2 have the form: 



(i) 



ai,a\ 



1 + /, 



d 2 , a\ 



1 - /, [oi,d 2 ] = /, 



di, d 2 



0, 



(20) 



with a singular function / = <f> (%Br) 1 <5(r) = 2(Zo + p,)S(p). However, one can verify by 
the help of (|19p that this function gives zero contribution on the domain Dh ± , such that 
on this domain dj,d2 and di,d 2 behave as creation and annihilation operators. Operators 
R 2 , i? 2 , r 2 , H±, and L z can be expressed in terms of the operators d{, di and d 2 , d 2 as follows: 



* 2 = i!k( 2 ^ +1 )'% = ik( 2 ^ +1 )> 



x + iy 



2ft /„ . t \ 



H ± = hus (N^ + 1/2) , X -L z + l + P= (Ni - ^2) , N s = &%, s = 1, 2. (21) 
The functions $n?,n 2 (¥'; p) (US]) can be used to construct the following useful states 



p) = J2^m p), p)=E p) 



v /r(i + n 1 )r(i + n 2 )' 



(22) 



where zi and z 2 are complex parameters, possible values of ri\ and n 2 depend on m,l, and 
j according to (fl"3|). and we set Af = 1. We call these states instantaneous coherent states 
on xy-plane. These states can be expressed via special functions Y a (zi, z 2 ; p), 



Y a (zi,z 2 ;p) = ^2 



y m v m+a j r \ 

^1 ^2 J m+C*, rayH ) 



^ y/T(\ + m)T(l + m + a) 
as follows: 

*ii!z 2 (<P, P) = exp[ze(Z - O^^-J-M^i^ajp), 
*in* 2 0P, P) = exp{ie [(Z - l)y + %l]}Y l+tl (z2,zi\p). 

By the help of the well-known sum, 



(23) 



(24) 



E 



' ^(1 + m)r(l + a + m) 



exp - |) J a {2-Jxz), 



where J Q (x) are the Bessel functions of the first kind, one can obtain the following repre- 
sentation for Y a {z\ , z 2 ; p) : 



Y a (zi,z 2 ;p) = exp yz x z 2 - ~) (yT^J J <x(2y/ziz 2 p) 



(25) 



G 



(26) 



(27) 



Then it follows from (|T9|) : 

p ) = zud^l^ip, p) , k = 1,2; 

and 

a^lzMp) = *i p) - s^fo p) 

a 2 *W z2 ^ p ) = Z2 p) + (-If *«°>, 

Then, using eqs. 6.615 from |11) . we obtain: 

\ Zl,Z2' Z^.z'zJ J J ' 

^ (0) = 744) » = ( 744, 744) . 

Q Q (u, «) =Q~(u, «)+ (^) a / Q (2H, ftK^Et^^'^W, (28) 



where I a (u) are the modified Bessel functions of the first kind. We define the mean value 
of an operator F in the form 

7~F), > = ( F <&fr') ^ (&<j) 



(29) 



Using ([26]) . one can calculate the mean values of N s : 

(N7j {j) =z s d K hinW _ , s = l,2. 



This allows one to connect means values of i? 2 and R 2 with parameters zi and z%. We expect 

|z s | . At the same time length scales defined by 

|2 



in the semiclassical limit that (N s )^ 

the means (R 2 )^, (R 2 )^ have to be large enough which implies \z s \ A ^> 1. We expect that 
the sign of the difference (R 2 )ys — (R 2 )^ is related to the trajectory type if the difference 
is sufficiently large, such that for states with j = we have \zi\ 2 < \z<i\ , and for states 
with j = 1, we have \z\\ > | ^2 1 2 - We note that in both cases the corresponding functions 
Q a (u,v) are calculated at |u| > \u\ » 1. 



There exist all the derivatives d v 



(v/u) a+l I a +i(2uv) , the series Q a (it, v) converges and 



the series of derivatives Y^Li ®v ( v / u ) a+l la+iC^uv) 



converges uniformly on the half-line, 



< Rev < 00. Thus, one arrives to a differential equation with respect to Q a (u, v), 
dQ~(u, v) 



dv 



2v [(v/u) a I a (2uv) + Q-(u, v)] 



~ \ a 
r,2 / V 



I a (2uv)vdv, (30) 



To evaluate asymptotics, we represent its solution as follows: 
Q~(u, v) = e u2+v2 [1 - T(u, v)] , T(u, v) = 2e' u2 

where formula 6.631.4 [11] is used. Then 

Q a (u, v) = e u2+v2 Q a (u, v), Q a (u, v) = \l - T{u, v) + (yjuf I a (2uv)] . (31) 
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Thus, the mean values (|29|) have the form: 
(N7j (j) = \z s \ 2 + z s d z , 



, s = 1,2, 



n<® = Qx-p {VWi, , = Q» (a/44, v^R) 



(32) 



Using asymptotics of the function I a (2uv), one can verify that if \v\ > \u\ ^> 1 then |z s | ^> 



2. 



2^=2. 

from the solenoid, i.e., for 



in (|32p . For semiclassical states corresponding to orbits placed far enough 



3> 1, the contribution z s d z > lnTZV> 
as exp (— | jsi | 2 — |z2| 2 ^. Finally, we obtain: 



Muj- 



is small 



(33) 



By the help of (f27j) . one can find 



(ai) (0) = ziAi_ M (|zi|, \z 2 \), (a, 2 ) {Q) =z 2 , (ai) (1) = zi, 
such that these means match with eqs. ([5^1) in the classical limit. 



(34) 



3.2 Time-dependent coherent states 

Consider Schrodinger equation with the complete three-dimensional Hamiltonian H (|11[) 
and corresponding solutions ^(t, r) with a given momentum p Zl 



*(t, r) = TV exp <{ -- 



(I + t) '--]}•"■ 

where A/" is normalization constant. The functions $(t, y>, p) obey the following equation 

idt$(t, <p, p) = w#i$(t, ip, p) . (35) 

where Z\ (t) is a complex 



One can obey ([35)) setting $(i, p) = 3>i^ Z2 ((p, p) 
function of time t. Then 



Zl=Zl(t) 



z9 t *« Z2 = i i 1 9 zl *« Z2 , h = dz x /dt . (36) 

Substituting (|36|) into ([35]), we find iii = wzi, where ([26)) is used. It is convenient to write 
a solution for Zi(t) as follows: 



zi(t) = —\zi\ exp(— iV'), ip = ut + ip , 
where is a given constant. Thus the functions 



¥^(t, r)=AAexp^-- 



\2M 2 



t -p z z 



0') 

Zl(t), Z2 



{<P, P) 



(37) 



(38) 



are solutions of the Schrodinger equation. At the same time they have special properties that 
allow us to treat them as coherent (and under certain conditions as semiclassical) states. 
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U) 



obtain: 



Let us consider mean values (x) ^ and (j/)^ of the coordinates with respect to the states 

By the help of flST]) we 



cg . To this end it is enough to find the mean value (x + iy)uy 



(x + iy] 



2h 



(a 2 ) w - (ai) 



Taking into account eqs. (|34[) and (|37[) . one can see that a point with coordinates (%)rj\ 
and (y)fj-) is moving along a circle on the xy-plane with the cyclotron frequency ui, i.e., its 
trajectory has the classical form. The same equations allows one to find a radius {R)tj-\ 
such a circle and the distance {Rc)^ between its center and the origin, 



of 



■2li 



2/; 



2// 



2/) 



However, in the general case, the quantities (R)rj) arL d (R c )^ do not coincide with the 
corresponding quantities 



(R 



\/2(iVi 



0) 



1, 



(Rf 



i, 



which are expressed in terms of mean values of the operators H± and L z according to (|21[) . 
see also <j29j). 

It follows from eq. (J34J) that Ai_ M (|«i|, < 1 and A /1 (|2 2 |, \zi\) < 1. This allows 
us to give the following interpretation for two types of states with j = 0,1. States with 

the 



> 



j = 1 correspond to orbits that embrace the ABS (which corresponds to \z\ 
semiclassical limit). For such orbits (i? c )^ < R c , where the quantity R c = y/2h/Mw |z 2 | 
is interpreted by us as a distance between ABS and the orbit center as a consequence of 
eq. (|33|) . At the same time, the mean radius of the orbit coincides with the classical radius 
R = y /2h/Mw\z 1 \. The interpretation of R as the classical radius follows from eq. (|33|). 
States with j = correspond to orbits that do not embraces the ABS (which corresponds 



< R. 



to \zi\ < \z 2 \ in the semiclassical limit). For such orbits (-Rc)m) = Rc and (-R)( ) 

By using formulas (|3Tj) , (l32t , (|34|) one can calculate the variances for R , i?^ , and a; + y 
with respect to the coherent states in the semiclassical limit. With this result one can see 
these variances are relatively small for the semiclassical orbits situated far enough from the 



solenoid, i.e., for 



*1 



*2 



3> 1, In this case the coherent states are highly concentrated 



around the classical orbits. In the most interesting case when a semiclassical orbit is situated 

•C 1 holds, the variance for x + y 



22 



near the solenoid, such that the condition 

increases significantly while the variances for i? 2 , i? 2 remain relatively small. In this case 
R fa i? c , however, one has (R c )^ < R and {R)(n\ < Rc, as of course it must be for such 
semiclassical orbits. Having in mind that the standard deviation of x 



large at R sa R c , such that SR ^> 



(R) 



(0) 



R 



y, 5R, is relatively 
, we illustrate the typical 



R - (Rc)(i) 

spread of particle position around two types of semiclassical orbits at R « R c on Fig. [31 

Thus, for /i ^ 0, classical relations between parameters of particle trajectory in constant 
magnetic field, such that relations between circle parameters R (related to particle energy) 
and R c (related to particle angular momentum) are affected in the presence of ABS. Such 
relations do not feel the presence of ABS for fi — 0, and, even for fi ^ 0, in the classical 
limit (in the leading approximation for sufficiently large radii) discussed above. 
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Thus, in contrast to the problem in the constant uniform magnetic field (and in contrast 
to any problem with quadratic Hamiltonian) in the magnetic-solenoid field, we meet a com- 
pletely new situation. Here time-dependent coherent states can be constructed (which is 
completely nontrivial fact due to nonquadratic nature of the Hamiltonian in the magnetic- 
solenoid field), the respective mean values move along classical trajectories, however classical 
relations between physical quantities imply additional semiclassical restrictions. Not all co- 
herent states correspond to a semiclassical approximation, which is natural for nonquadratic 
Hamiltonians. 

Finally, we ought to mention that only linear combinations of the form 
*(cd,ci;t, r) = cd*^(i, r) + ci*^(i, r), 

with Co and c\ -arbitrary and coCi 7^ were considered earlier as coherent states in [9]. Mean 
values of the operators a\ and hi in such mixed states do not coincide with the classical 
expressions ((5J. 
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